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The following example is constructed without any set-theoretic assumptions beyond ZFC: There 
exist a hereditarily separable hereditarily Lindeliif space X and a first-countable locally compact 
separable pseudocompact space Y such that dim X = dim Y = 0, while dim(X x Y) > 0. 
AMS (MOS) Subj. Class.: 54B10, 54D40, 54F45, 54620 
covering dimension first-countability k-space 
Lindeliif property local compactness product space 
pseudocompactness rectangularity separability 
strong zero-dimensionality zero-dimensionality 
1 
1. Introduction 
In this paper all spaces are assumed to be Tychonoff, and dim X means the 
covering dimension of the Stone-Tech compactification /3X of X. (Hence, it 
coincides with the usual covering dimension when X is normal.) As for undefined 
terminology refer to [2,3,6]. 
Concerning the dimension of product spaces Wage [25] has constructed under 
Continuum Hypothesis a product space which is a counter-example for the following 
inequality (*): 
dim(X x Y) G dim X + dim Y (*) 
After that, several counter-examples have been constructed without any set-theoretic 
assumptions beyond ZFC. Hence, we may call them Wage-type examples. 
One of the remarkable facts among the previously known Wage-type examples 
is that all of them satisfy the first-countability axiom (hence are k-spaces), and some 
of their products are also locally compact [17,23-261. The purpose of this paper is 
to show that there exists another Wage-type example which cannot be a k-space. 
In Section 2 we shall explain how to formulate our problem, and we shall also 
outline our example. In Section 3 we shall prove our Key Lemma as well as some 
preliminary results. In Section 4 details of our constructions are given. Finally, in 
Section 5, we shall discuss some relations between our example and other examples. 
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2. A Wage-type example with a pseudocompact factor 
We shall start with the following theorem. (For the proof, see [2, p. 2981, 
[12, Theorem 3.21, [4, Theorem 1.51, and see also [13, Corollary l] for its generaliz- 
ation.) 
Theorem 1. Let X be a k-space, and Y be pseudocompact. Then, the projection 
rrx : X x Y + X is a z-closed map and hence the inequality (*) holds. 
Since every first-countable space is a k-space, we can specify our problem as 
follows (see also [18, Problem IS]). 
Problem. Are there any counter-examples for the inequality (*) with a pseudocom- 
pact factor? 
The purpose of this paper is to solve this problem affirmatively (note that our 
example also solves a problem raised in [18] in some sense): 
Theorem 2. Without any set-theoretic assumptions beyond ZFC there exist a 
hereditarily separable, hereditarily Lindeliif space X and a jirst-countable, locally 
compact, separable, pseudocompact space Y such that dim X = dim Y = 0, while 
dim(X x Y) > 0. 
To explain our example, we shall begin with the ‘heart’ of previously known 
examples. Their constructions depend mainly on the following two ideas: 
(W) A Wage’s metric space (C, p) [26]. 
(F) A factorization technique [ 17, 26, 231. 
(See [26] for the definitions and the precise meanings of (W) and (F).) 
To construct spaces X and Y which satisfy Theorem 2, we shall use the Wage’s 
metric space (W), but unfortunately we cannot use the factorization technique (F) 
in this case. We shall explain this point in some detail. The factorization technique 
(F) is based on a technique developed by Van Douwen [ 11, which always produces 
first-countable spaces. Therefore, as long as we use the factorization technique (F), 
product spaces of our examples must satisfy the first-countability axiom, which does 
not serve our purpose by Theorem 1. Hence, we must introduce some technique 
which is essentially different from (F). Also, let us observe that pseudocompactness 
of Y cannot be achieved by simply expanding a factor of some old example. Indeed, 
one can show that if X x Y is any one of the known Wage-type examples and if 
(YX is any compactification of X, then for any pseudocompact subset X’ of X such 
that X c X’ c ax, we have dim(X’ x Y) G dim X’+ dim Y. 
Now, we shall explain our factor spaces X and Y. Our space X is (C, p) for 
some topology p on the Cantor-set C. We emphasise here that our factor space X 
cannot be first-countable by Theorem 1, since Y is pseudocompact. On the other 
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hand, our space Y is a kind of spaces which are known as ‘spaces N u 3’. By 
N u %!, we mean a space which is defined in the following way on the set-theoretic 
union of a countable infinite set N and an almost disjoint collection %! of infinite 
subsets of N: Each point of N is isolated and A E Pi? has a neighborhood base 
{{h}u (h\F): F is a finite subset of N}. 
Spaces N u PJ? have been introduced by Mrowka [9], and have been found to have 
many interesting properties [lo, 11,21,22]. The use of spaces N LJ % for dimension 
theory is not new. One of the remarkable results among them is the one of Terasawa 
[22]. We shall use one of his results together with the following key lemma which 
plays a role of a factorization technique. 
Key Lemma. For each point (x, x) E C* and each countable set A which converges to 
x in the usual Euclidean topology on C, and for a given b-open neighborhood G of 
(x, x), there exist a p-clopen (=closed and open in (C, p)) set B and a finite set F 
such that 
While previously known examples have been constructed on C* and their product 
topology is finer than ( C2, p’), our example has a continuous map cp: X X Y + (C*, p’) 
which is 2”‘-to-one (i.e., for any t E C* we have Iq-‘( t)l= 2”), where p” is a metric 
topology on C* induced from some expanding of the Wage’s metric space ( W) in 
a manner of [23] or [26]. 
For the proof of the above lemma see at the end of the following section. The 
details of our constructions of X and Y will be given in Section 4. 
3. Notations and preliminary results 
Throughout this paper we say that a countable infinite set A converges to a point 
p if A \ U is finite for any neighborhood U of p. In this case we also write p = lim A. 
We shall consider three different topologies on the Cantor-set (see e.g. [2, p. 111). 
By (C, E) we denote the usual Euclidean topology on C, by (C, p), Wage’s metric 
topology and by (C, CL), our factor space X. For each T = E, p or p on C, we say 
sometimes that U is T-open if U is open in (C, T), and that a set r-converges to x 
if it converges to x in (C, 7). For a convergent sequence (x,), the convergent set 
consisting of all elements of the sequence is denoted by {x,}. 
We begin with a theorem due to Terasawa, concerning a space which is an N u 2 
for some maximal almost disjoint collection (m.a.d. collection for short) 3. See [6] 
for the definition of m.a.d. collections. 
Theorem 3 (Terasawa [22, Theorem 2.11). Let N be any countable dense subset in 
(C, e), and let Pi?’ be any m.a.d. collection in N which consists of convergent sets each 
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of which e-converges to some point of C and which also satisfies that 
(a)’ any uncountable zero set of N u S%!‘(x) has the cardinality of continuum for 
every x E C, where S’(x) = {A E 3.‘: x = lim A}. 
Then, there exists a m.a.d. collection 9? in N consisting of convergent sets each of 
which e-converges to some point of C such that 
(0) there exists a correspondence 0: S’+ 92 satisfying A c e(A), and p Y\ Y = (C, E), 
where Y= Nu% 
Next, we mention some properties of Wage’s metric space (C, p) defined in [26]. 
In the sequel, the function h: C + Z denotes the supremum function sup defined by 
Wage in [26], and satisfies 
(Note that the range of h in [26] was [-a, +a], but one can easily modify h and 
make it [0, l]-valued, without losing its essential properties.) 
Using the method from [23] one can obtain an extension fi: C2+ Z of h with the 
following properties: 
(1) h”lA = h, where A = {(x, x): x E C}. 
(2) @C’\A) and Z&((t) x C)u (C x(t))) are continuous with respect to each 
relative topology in (C, F)’ for every t E C. 
(3) p’ is coarser than both topologies p x E and e xp, where p” is the separable 
completely metrizable topology on C* such that 
(Note that the property (3) has not been proved in [23], but since h is lower 
semi-continuous, one can show (3) from the construction of h’ in a manner parallel 
to [23], using an increasing sequence of continuous functions on (C, E). See also 
[24, Remark 21.) 
Now, we shall prove the key lemma in Section 2. 
Proof of Key Lemma. At first, we choose a p-open neighborhood G’ of (x, x) 
satisfying G 2 Cl,( G’). Then, by (3), we can choose an e-clopen set U and a p-open 
set V such that 
(x,x)~(UxV)u(VxU)cG’. (4) 
Since A s-converges to x, there exists a finite set F such that A\F c U, and by 
renumbering if necessary, we can assume that A\ F is directed as follows: x, < x2 < 
, . .<X(. . . < y2< y,, and both {xk} and {yk} e-converge to x, where the order < 
is the natural order of the real numbers. (In case A\F = {xk} or A\F = {yk}, the 
following observation should be made only on {xk} or {yk}.) 
To find a required p-clopen set B, we take, by induction on n, two subsequences 
(s,) and ( sI,) of ( xk) and ( yk) respectively, and also take two sequences of collections 
’ 1 am indebted to Professors T. Goto and Y. Kodama for calling my attention to a defect of the 
condition (a). 
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of &-clopen sets {U,,, UL, H,,} and {Ki: 1 s i G 2k,} satisfying the following condi- 
tions: 
(5) s,=x,<s,<. . .<x<. . .<s;<s;=y,. 
(6) H, x(U,,u U;)c G’, [&-1, &In c = un = (h-2, %+1), and [s;, sl_,] n 
C c Uk c (sk+,, sk_J. (We put s_i < sO< xi and sk, > sb> y, for suitable St E U, and 
s:E u;, i=o, -1.) 
(7) s, = xk,,, s:, = ykn, and xk, yk E H,, for any k Z k,. 
(8) For each t = ti we have 
G~{t]xK:,=({r]x(Ku R))n({r>x(Cl,(V)), 
where r2k-_1 = xk and tZk = yk, for 1 c kc k,. 
The properties (S), (6) and (7) can be achieved by a method similar to those 
applied in [23] or [24]. The property (8) follows from the following observation: 
since (4) holds and i is &-continuous on each {t} x C, we have 
{t}xCl,(V)cCl,-(G’)n({t}xC)~Int,(Gn({t}xC)). 
Hence, there exists an &-clopen set Kn such that 
{t}xCl~(V)~{t}xK:,~G. 
Put 
W,=n{KL: l<i<2k,}, 
and let 
B=U W,,. 
Then, by (6) and (8), we have (A\F) x W, c G for each n, and hence (A\F) x Bc G 
and B 3 Vn[x,, yJ. Thus, B is a required p-clopen set, since (6) holds and each 
W, is E-clopen. Cl 
4. Proof of Theorem 2. 
(a) We define our space X as the set C with the topology p determined by 
assigning to each point x E C a base of neighborhoods consisting of those subsets 
U of C which satisfy the condition: 
(9) U contains some p-clopen set B with XE B. 
It is readily seen that this topology is well defined, and since p is finer than F, 
the topology p is also finer than e, and hence X = (C, pu) is a Hausdorff space. By 
(9) X has a clopen base, and hence X is O-dimensional. Because p is a separable 
metric topology, X is also hereditarily separable, hereditarily Lindelof, and thus X 
is strongly O-dimensional. (It is not difficult to see that X is not first-countable at 
every point x with h(x) < 1.) 
(b) Next, we shall define our space Y. Let N be a countable dense subset in 
(C, p). Note that N is also dense in (C, E), since p is finer than E. Let ?&, denote 
the collection of all convergent sets in N each of which p-converges to some point 
of C. Take a m.a.d. subcollection %i of SO. (Note that 2, is not necessary a m.a.d. 
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collection in N. But, since h is lower semi-continuous, we can assume that by the 
construction of [22, Theorem 2.11 that %!r(x) satisfies the condition (a) in Theorem 
3 for every point x of h(x) = 1.) Using our collection %,, put 
Z= Nu%!,, 
and let 
rl:Z+(C,p) 
be the continuous map defined by 
(10) ~(z)=z for ZE N, and n(h)=limA for AE%~. 
Then, we can consider the collection Y of all cozero-sets S in Z each of which 
satisfies both of the following conditions (11) and (12): 
(11) G,=h-‘(0) and h-‘(l)nCl,(G,)=0, where Gs=int,(v(S)). 
(12) For any x E aGs = Cl,( G,)\G,, there exist two sets A, and “/x in &R, such 
that both of A, n S n N and ‘yx n (Z\S) n N are infinite, and that lim A, = lim yx = x. 
Then, Y has the cardinality of continuum, since Z is separable and h-‘[0, t) E 9’ 
for each 0 < t < 1. 
By an argument analogous to [25, Lemma 21 we can show using (11) that aG, 
has the cardinality of continuum for each SE 9 Therefore, we can choose a collection 
{xs: SE P’} of points in (C, p) satisfying: x, E aG, for each SE Sp, and x, # xT. for 
every distinct member S and T in P’. Then, for each above x = xs we can choose 
two p-convergent sets As and ys satisfying (12). Put 
%>=(%,\{As, ys: S~y})u{A~u ys: SET}. 
Then, it is readily seen that Pi& is a m.a.d. subcollection of Pi&. Enlarge %$ to a 
m.a.d. collection 3’ in N so that each element of 3 is a set a-converging to some 
point of C. Indeed, there exists a m.a.d. collection s3(x), which contains sz(x) 
properly, for every x of h(x) < 1. Using a fixed A(x) E P&(x)\?&(x) we can obtain 
a m.a.d. collection 8.‘(x) which satisfies the condition (a) in Theorem 3. For this 
collection 3’ we can apply Theorem 3, so that there exists a m.a.d. collection % in 
N which satisfies (0). Put 
Y=Nu%. 
Then, by the definition of N u .??I!, Y is separable, first-countable, locally compact, 
and since 2 is a m.a.d. collection in N, Y is pseudocompact (cf. [9]). By Theorem 
3 we have p Y\ Y = ( C, E), and hence Y is strongly O-dimensional by [22, Lemma 1.11. 
(c) To conclude the proof of Theorem 2, we must show that dim(X x Y) > 0. We 
start with the definition of a map cp: X x Y + (C*, p’) as follows: cp(x, y) = (x, y) if 
ye N, and 90(x, A) = (x, lim A) if A E 2. At first, we shall show that cp is continuous. 
BY (2), Lt(C2\4 is a-continuous, and hence cp is continuous at each point (x, A) 
with x # lim A, because the topology p of X is finer than E, and A is an &-convergent 
set. Similarly at each point (x, y) with y E N, it is readily seen that cp is continuous. 
Finally, at each point (x, A) with x = lim A, we can apply Key Lemma in Section 2. 
Let G be any p-open neighborhood of (x,x). Then, since A is a set &-converging 
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to x, there exist a p-clopen neighborhood B of x and a finite set F such that 
B x (A \ F) c G. Hence, by the definition of X, Y and cp, we can conclude that cp is 
continuous at (x, A). Next, let P: ( C2, p’) + I be the natural projection such that 
?7(z, h”(z)) = K(z). 
Put 
h,=n-*cp:XxY+I. 
Then, we shall show that 
(13) zero-sets i,‘(O) and K,‘( 1) cannot be separated by any clopen sets in X X Y 
Put 
and let 5: 2 + W be the natural map defined by 
(14) l(z)=z for z@{(As, ys: SET’}, and l(h,)=l(y,)=A,u ys for each SET. 
Then, it is readily seen that 5 is continuous. 
Let $: W+X x Y be the map defined by $(x)=(x,x) if XE N, and $(A) = 
(lim A, 8(A)) if A E P&, where 19 is a correspondence 0: 2’+ %! given in Theorem 
3(O). Then, we must show that $ is continuous. Since each point of N is isolated 
in W, it suffices to prove that Cc, is continuous at each A E s2. Let H be any 
neighborhood of (lim A, e(A)) in X x Y. Then, by the definitions of the topologies 
on X and Y, there exist a p-clopen set B and a finite set F such that 
(lim A, 19(h))~ BX({B(A)}u(c9(A)\F))c H. (15) 
By the property (0) we have 
B(A)xA and BIA\F’ 
for some finite set F’, since A p-converges to x and B is a p-clopen neighborhood 
of x. Put 
U={A}U(A\FU F’). 
Then, U is a neighborhood of A in W, and by (15) we have $( U) c H, and hence 
I/J is continuous at A. Put 
Then, to show (13) it suffices to see that 
(16) h,‘(O) and h,‘(l) cannot be separated by any clopen sets in W. 
Indeed, assume that there exists a clopen set U in W such that 
U 1 h;‘(O) and Un h;‘(l) =0. 
Then, we show at first that 
s = J_‘(U) E 9. (17) 
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Note that S is clopen in 2 with S 1 nP1hP’(0) and Sn n-‘h-‘(l) =0. We begin 
with showing that 
K’(O) c Gs = int,(n(S)). (18) 
Indeed, suppose that h-‘(O)\G, # 0. Take a point x E h-‘(O) with a sequence (x,) 
p-converging to x such that 
{x,> c 77(Z\S). 
Then, we can obtain a y c N which p-converges to x and y c Z\S, because Z\S 
is clopen in Z, N is dense in Z, and because of the definition (10) of 7. Since 2, 
is a m.a.d. subcollection of 9$,, there exists a A E 9, satisfying that A n y is infinite. 
Then, A ECI,(Z\S) but A E vP’hP1(0), since A n yc Z\S and lim hq(A) = 
lim h(y) = h(x) = 0. This contradiction shows that (18) holds. Similarly, we can 
prove that h-‘(l)nC1,(Gs)=O. 
Next, we show that S satisfies the condition (12). Let x E aG,. Then, for each 
p-neighborhood V of x, it holds that 
VnG,#0 and Vn(C\G,)#ld. 
Since Gs = int,(n(S)), we can take ZE S and w E Z\S such that 
ME V and ME V. 
An argument similar to the one used in the proof of (18) shows that there are A, 
and yx in 2, satisfying the condition (12). Thus, (17) holds. 
To conclude our proof, consider A = As u ys E %I in W. Then, 
AEC~,(U)~C~&W\U), 
and this contradicts the fact that U is clopen in W. Thus, (16) holds, and we 
conclude that dim(X x Y) > 0. 
5. Concluding remarks 
(a) At first, we shall show that there are many essentially different Wage-type 
examples, and our present example is quite different from the previously known 
ones. To make clear the meaning of the word diRerent, we summarize some topologi- 
cal properties of Wage-type examples in Table 1, where Examples 1, 2 and 3 are 
realized in [17, p. 3161, [17, Corollary] and [26, Example 11, respectively. By 0, and 
X, we mean that the example satisfies, and cannot satisfy that property, respectively. 
From our table we can see at once that these examples are independent from each 
other (which means that we cannot improve one of these examples so that it is a 
common counter-example for some of them). Therefore, we believe that all of them 
are essentially different, and hence our example is one of examples which are quite 
different from the previously known ones. 
K. Tsuda / A Wage-type example 199 
Table 1 
Properties Examples 
1 2 3 Our example 
Properties of product (countably paracompact) 
space normality 
local compactness 
dimension 
first-countability 
Properties of factor 
spaces 
with Lindelof factors 
dimension of factors 
with a metric factor 
with a pseudocompact factor 
0 0 X 
0 X X 
1 1 1 
0 0 0 
X 0 0 
zero zero zero 
x x 0 
X X X 
No 
X 
Positive 
X 
X 
zero 
X 
0 
We also remark here that while we may think that examples with many O’s in 
our table are good ones and that to increase the number of O’s corresponds to 
improving the example, examples with many X’S are not necessarily bad ones. We 
should think them sometimes fur from others. 
(b) Next, we mention non-rectangularity of our product space. One of the rela- 
tively strong sufficient conditions for the validity of the inequality (*) is the rectangu- 
larity of product spaces which was introduced by Pasynkov [ 151 (see also [3,4,7,16]). 
For example, if the projection 7~~. . X x Y -+ X is z-closed, then the product space 
X x Y is rectangular [15, 161. Since no Wage-type example satisfies the inequality 
(*), our product space is not rectangular. On the other hand, Dr. Ohta has kindly 
informed that it is known that there exist normal non-rectangular products with a 
countably compact factor which satisfy the inequality (*) by [14, Corollary 21. It is 
also known that there are several other non-rectangular products which satisfy the 
inequality (*) (cf. [5, 8, 14, 19,20,27]). 
(c) Finally, we remark that our factor space X is perfectly normal, since it is 
hereditarily Lindelof. However, we cannot improve X to be also pseudocompact, 
since Y is first-countable, locally compact. We also note that Y is neither normal 
nor countably compact, since Y has an uncountable closed discrete subset. From 
Table 1 we can raise the following problem: 
Problem 1 (cf. [18, Problem 181). Are there any Wage-type examples with a 
pseudocompact factor whose product spaces are also normal? 
We can raise one more problem, since we have shown in previous papers [23,24] 
that there are Wage-type examples with higher-dimensional products for some of 
previously known examples: 
Problem 2. For a given positive integer n are there any Wage-type examples with 
a pseudocompact factor which satisfy that dim X = dim Y = 0, while dim(X x Y) = 
n? 
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